We embed a countably categorical group G into a locally compact group G with a non-trivial topology and study how topological properties of G are related to the structure of definable subgroups of G.
Introduction
Using results of Belyaev [5] we show that any infinite countably categorical group G has an action on some countable set X which induces an embedding of G into SymðX Þ in such a way that the closure of G in SymðX Þ is a locally compact subgroup G with non-trivial topology. We call the group G the completion of G (with respect to the action). We will see that when G is residually finite, the construction of the action ðG; X Þ has the property that the completion G is the profinite completion of G.
This provides new tools in the subject. In particular we show that there are strong connections between the lattice of 0-definable subgroups of G and topological properties of G. In particular the cofinality of G plays an essential role in the relationship between G and G (see Section 3) .
We remind the reader that G is of countable cofinality if G can be written as a union of an increasing o-chain of proper subgroups. This property frequently arises in investigations of automorphism (resp. homeomorphism) groups of countable structures (resp. Polish spaces). We refer the reader to the paper [20] and the recent paper of Rosendal [18] for brief surveys of the subject.
In Section 4 we study the question whether G can be o-categorical. Here we concentrate on the case when G is soluble. Proposition 4.1 partially explains why this case is so important. Using ideas of [3] we show that the condition that G is ocategorical is very restrictive. In particular it implies that if G is soluble and residually finite then G is nilpotent-by-finite. Coverings in the lattice of definable subgroups play an essential role here.
In Section 5 we study measurable subsets of G with respect to an appropriate Haar measure. We characterize the case when the set of pairs of commuting elements of G has a fixed positive measure in any compact subgroup of G. We also describe some naturally arising approximating functions.
It seems likely that aspects of measure and category can be exploited further. In particular we hope that our approach can be used in some well-known problems on o-categorical groups (such as the BCM-conjecture and the Apps-Wilson conjecture).
Our basic algebraic and model-theoretic notation is standard (the same as in [2] ). For example ½x; y denotes x À1 y À1 xy and G ð0Þ ¼ G; G ð1Þ ¼ ½G; G; . . . ; G ðiþ1Þ ¼ ½G ðiÞ ; G ðiÞ ; . . . :
When fðx; yÞ is a formula, M is a structure and b is a tuple from M, then we denote by fðM; bÞ the set fa A M : M fða; bÞg.
In Section 4 we assume familiarity with basic notions and facts about nilpotent groups and representations of finite groups, for example commutator identities, the Fitting subgroup (i.e. the maximal normal nilpotent subgroup), Maschke's theorem and Schur's lemma.
We will also use some basic theory of profinite groups. In addition to general topological arguments (as described in [22, §0.3] ), we will use profinite Sylow theory. We will always consider the situation when a Polish group G acts continuously on a Polish space X . We assume some obvious consequences of this situation. For example, the stabilizer of an element of the space (in particular the centralizer of an element in a topological group) is closed. If G is compact then each G-orbit in X is compact and closed.
Our model-theoretic arguments use only basic properties of o-categorical theories. We now give some preliminaries concerning o-categorical groups. Let G be ocategorical. Since all AutðGÞ-invariant relations of G are definable, all characteristic subgroups of G are definable. It is also worth noting that for any natural number k the group G has only finitely many AutðGÞ-invariant k-ary relations. In particular G is uniformly locally finite: there is a function f : o ! o such that every n-generated subgroup of G is of size at most f ðnÞ.
We denote by hgi G the normal subgroup of G generated by g. The following result is [14, Lemma 3.2] . p-group for some prime p. It is still unknown if the third case can happen (the Apps-Wilson conjecture states that it cannot happen).
Let us consider the case of Boolean powers in more detail (following [2] and [13] ). Let B be a Boolean ring (that is, a commutative ring in which every element is an idempotent). Then B can be identified with the ring of compact open subsets of the Stone space X ¼ SðBÞ of B. The space SðBÞ consists of all maximal ideals of B, and the ring of all compact open subsets of SðBÞ is considered with respect to symmetric di¤erence þ and intersection Á.
The Boolean power of G by B, denoted by G B , is defined to be the set of functions X ! G which are continuous with compact support (with G taken to be discrete). When g A G and A A B, then by g A we denote the element of G B with support A which takes each x A A to g. Then every element of G B can be written uniquely (up to order) in the form ðg 1 Þ A 1 . . . ðg n Þ A n with g 1 ; . . . ; g n distinct elements of Gnf1g, and A 1 ; . . . ; A n pairwise disjoint elements of Bnf0g. A theorem of Waszkiewicz and Wȩgłorz claims that when G is o-categorical and B has finitely many atoms, the group G B is o-categorical.
There are exactly two countable atomless Boolean rings: V 0 without an identity element and V 1 with an identity element. These are o-categorical, and any ocategorical countable Boolean ring is isomorphic to a product of one of these with a finite field of sets.
We will concentrate on the case when G is a finite simple non-abelian group. In this case, every normal subgroup of G B is of the form G S where S is an ideal of B (see [1, Proposition 5.1] ). Moreover, [2, Theorem 2.3] states that G B has no proper characteristic subgroups if B is finite or a countable atomless Boolean ring (i.e. if B G V 0 or B G V 1 ).
One of the statements of [2, Theorem B] is that if a countable characteristically simple non-abelian group has a subgroup of finite index, then it is isomorphic to some P B , where P is a finite simple non-abelian group and B is a countable characteristically simple Boolean ring.
We will also use Boolean powers of rings. If R is such a ring then R B is defined by the same definition as in the case of groups. In fact we will use filtered Boolean powers of rings. We remind the reader that a filtered Boolean power of R (resp. of a group G) with respect to a Boolean space X ¼ SðBÞ, where B is a Boolean algebra, is defined by a finite sublattice L of closed subsets of X and an isomorphism t from L to a sublattice of subrings of R (resp. subgroups of G). The corresponding filtered Boolean power is the substructure of R B (resp. of G B ) consisting of those f A R B such that f ðCÞ J tðCÞ for each C A L. Denote this structure by CðX ; R; tÞ (resp. by CðX ; G; tÞ). Note that each closed subsets C from L naturally corresponds to some ideal I C of B with C ¼ fI A X : I C J I g. Then the structure ðB; I C Þ C A L is called an augmented Boolean algebra.
The following description of o-categorical rings is one of the basic results in the area.
Theorem (Macintyre and Rosenstein [13] ). Let R be an o-categorical ring with 1 and with no nilpotent elements. Then R is a direct product of finitely many 0-definable rings R i and each R i is isomorphic to a filtered Boolean power of a finite field F i with respect to an appropriate Boolean space X i and a map t i to a lattice of subfields of F i . The corresponding augmented Boolean algebras B i are interpretable in R (and thus o-categorical ).
When R ¼ F B is a Boolean power of a finite field, all ideals of R can be described in a very similar way to the case of a Boolean power of a finite simple non-abelian group ([1, Proposition 5.1]): any ideal of F B is of the form F S where S is an ideal of B. This fact appears to be folklore; however the proof of [1, Proposition 5.1] applies for F B with obvious changes (for example, commutators ½g i ; h 0 1 should be replaced by products g i h 0 0).
Topological completion
Proposition 2.1. Let G be a countably infinite uniformly locally finite ( for example, countably categorical ) group.
(1) For every finite subgroup F < G there is a finite non-trivial subgroup K such that F c N G ðKÞ and K V F ¼ 1.
(2) Every finite subgroup of G is contained in an infinite residually finite inert subgroup of G.
induced by G on X n . Here we consider G n as a topological group with respect to the topology of the action on X n . The following lemma will be helpful below.
Lemma 2.2. Assume that G is residually finite and the subgroup H of the construction coincides with G.
(1) The group G is the inverse limit of the system of finite permutation groups G n with respect to the system of projections induced by restrictions.
(2) Let N 1 < N 2 be subgroups of G with N 1 p G. Then the inverse system
has inverse limit isomorphic to the quotient N 2 =N 1 of the corresponding closures in G.
Proof. Since each x n is a coset of a subgroup of finite index, statement (1) is obvious. Now the fact that in (2) the group N 2 (resp. N 1 ) is the inverse limit of the system
We now collect some basic facts about our construction. Proposition 2.3. Let G be an o-categorical group. Any finitely generated subgroup of the closure G is a homomorphic image of some finite subgroup of G. In particular, G is locally finite. If G is nilpotent of class k (or soluble of derived length k), then so is G.
Proof. We prove a slightly stronger statement. Let fc 1 ; . . . ; c k ; a 1 ; . . . ; a l g be a finite subset of G, where c 1 ; . . . ; c k A G. We consider ca as a tuple of permutations on X . For 1 c i c l let ða i; j Þ j A o be a sequence of elements of G converging to a i in SymðX Þ. Since G is uniformly locally finite we may assume that for all s 0 t the map defined by a i; s 7 ! a i; t for 1 c i c l extends to a c-stabilizing isomorphism between the groups hc; a 1; s ; . . . ; a l; s i and hc; a 1; t ; . . . ; a l; t i. This obviously implies that hc; ai is a homomorphic image of hc; a 1; s ; . . . ; a l; s i. The rest is obvious. r
We will also use the following lemma. Lemma 2.4. If in the situation above the group G is compact, then for all characteristic subgroups K, L of G the commutator subgroup ½K; L is the closure of ½K; L in G.
Proof. Let g 1 ; . . . ; g k A K, g 0 1 ; . . . ; g 0 k A L and wðg 1 ; . . . ; g k ; g 0 1 ; . . . ; g 0 k Þ be a word consisting of commutators ½g i ; g 0 i . For i c k let g ij be a sequence from K converging to g i and g 0 ij a sequence from L converging to g 0 i . Then wðg 1j ; . . . ; g kj ; g 0 1j ; . . . ; g 0 kj Þ converges to wðg 1 ; . . . ; g k ; g 0 1 ; . . . ; g 0 k Þ as j ! y. Thus wðg 1 ; . . . ; g k ; g 0 1 ; . . . ; g 0 k Þ belongs to the closure of ½K; L.
To see the converse take a sequence g j A ½K; L converging to some g A G. Since G is o-categorical, there is l A o such that each g j can be written as a product of l commutators ½h 1; j ; h 0 1; j e 1 . . . ½h l; j ; h 0 l; j e l with h i; j A K, h 0 i; j A L and e i A fÀ1; 1g. Since G is compact we may assume that the sequence of tuples h j h 0 j is convergent to some
The following lemma shows that in the situation of Lemma 2.4 the group G also has finite conjugate spread. Lemma 2.5. Assume that G is o-categorical and residually finite (thus G is profinite). There is a number m such that for any g A G any element of hgi G is a product of at most m conjugates of g e , e A fÀ1; 1g.
Proof. Since G is o-categorical, there is a number m such that for any g A G any element of hgi G is a product of at most m conjugates of g e , e A fÀ1; 1g. If g A G and g 0 ¼ Q icl h À1 i g e i h i , then find sequences g j A G, j A o, and h i; j A G, i c l, j A o, converging to g and h i respectively. Then each g 0 j ¼ Q icl h À1 ij g e i j h ij is a product of m conjugates g 00 1j ; . . . ; g 00 mj of g e j from G. Since G is compact we may assume (taking subsequences if necessary) that the sequences g 00 1j ; . . . ; g 00 mj ð j A oÞ converge to conjugates g 00 1 ; . . . ; g 00 m of g e from G. Thus g 0 ¼ g 00 1 . . . g 00 m . r
Cofinality
Let G be an o-categorical group and G be the completion of G with respect to an appropriate H as defined in Section 2. In this section we investigate the cofinality of G.
Proposition 3.1. Under the circumstances above the following statements hold.
(1) If the group G is not compact, then G has countable cofinality in the following stronger sense: G is the union of an o-chain of proper open subgroups (i.e. G has countable topological cofinality).
(2) If the group G is locally soluble, then G has countable cofinality.
Proof. Let H be an inert residually finite subgroup of G, X ¼ fgK : K is commensurable with H and g A Gg;
and G be the corresponding closure.
(1) It su‰ces to prove that G is not compactly generated (see [18, p. 9] ). Let F H G be compact and gK be any element of X . Since F is compact and the topology of G is defined by the topology of SymðX Þ, the set f fgK : f A F g (of images of gK under F ) is finite (say f 1 gK; . . . ; f l gK). Thus Fg H 6 f i gK and F is contained in the subgroup
Thus K 1 A X and by [5, Theorem 7.1] the closure K 1 is compact. We now see that F cannot generate G.
(2) By statement (1) we may assume that G is residually finite and G is compact. In this case G is prosoluble and ½G; G is a proper closed subgroup of G (Lemma 2.4). We claim that G is in fact soluble.
To see this we apply [2, Theorem A]. By this theorem G has a finite series
either elementary abelian, or isomorphic to some Boolean power P B with P a finite simple non-abelian group and B an atomless Boolean ring, or an o-categorical characteristically simple non-abelian p-group for some prime p. By [2, Theorem B] an infinite o-categorical characteristically simple non-abelian p-group is not residually finite. Thus this case cannot be realized as G i =G iÀ1 . In the case when G i =G iÀ1 is of the form P B the group P is a homomorphic image of a subgroup of G. Since G is locally finite and locally soluble, the group P cannot be simple and non-abelian. We conclude that all factors G i =G iÀ1 are abelian and the group G is soluble. By Proposition 2.3 the group G is soluble too.
Consider the chain G ðnÞ of derived subgroups defined by G ð1Þ ¼ ½G; G; G ðnþ1Þ ¼ ½G ðnÞ ; G ðnÞ for n d 1:
Since G is soluble there is some n such that G ðnÞ is of finite index in G but G ðnþ1Þ is of infinite index. In this case the cofinality of G coincides with the cofinality of G ðnÞ .
Since an infinite abelian group has a countably infinite quotient group (from [18, Lemma 4.6]) there is a normal subgroup L c G ðnÞ with countable G ðnÞ =L such that G ðnþ1Þ c L. Let g 1 ; . . . ; g n ; . . . represent all cosets of G ðnÞ =L. Since G ðnÞ is locally finite, the sequence
contains a strictly increasing chain with union G ðnÞ . r
Assume that G is residually finite. Consider the lattice of all characteristic subgroups of G. As already mentioned (in the proof above), by [2, Theorems A and B] if N 1 < N 2 is a covering pair or cover in this lattice (i.e. there are no intermediate characteristic subgroups between N 1 and N 2 ), then N 2 =N 1 is either elementary abelian, or isomorphic to some Boolean power P B with P a finite simple non-abelian group and B an atomless Boolean ring. In the former case, the group N 2 =N 1 becomes a G=N 2 -module under the conjugacy action. Note that since N 2 =N 1 is abelian, this action does not depend on representatives of N 2 -cosets. The same property holds for the topological G=N 2 -module N 2 =N 1 (by Lemma 2.2).
Under the circumstances as above we will say that N 2 =N 1 has countable G=N 2cofinality if there are a subgroup H < G and an o-chain
This definition is slightly stronger than the natural version of the condition that N 2 =N 1 has cofinality o. Indeed, our definition (together with the fact that each U i is an H-module) guarantees that the sequence HU 0 < HU 1 < HU 2 < Á Á Á of subgroups is proper and the corresponding union coincides with G (i.e. G has countable cofinality). To see the former condition we easily reduce the problem to the situation when some u A U kþ1 nU k is the product of some h A H and u 0 A U k . In this case h A N 2 and our definition implies h A U 0 H U k , a contradiction.
By [18, Proposition 3.10] any compact Polish group has uncountable topological cofinality. In the following theorem we characterize when G has countable cofinality.
Theorem 3.2. Let G be an infinite countably categorical group. Then the completion G has uncountable cofinality if and only if G is residually finite and the following properties hold:
each G i =G iÀ1 characteristically simple, the infinite quotient G m =G mÀ1 with maximal m is isomorphic to some Boolean power P B with P a finite simple non-abelian group;
(2) for any abelian cover N 1 < N 2 in the lattice of characteristic subgroups of G, if N 2 is of infinite index in G, then the G=N 2 -module N 2 =N 1 does not have countable G=N 2 -cofinality.
We start with a preliminary lemma.
Lemma 3.3. Let P be a finite simple non-abelian group, V 1 (resp. V 0 ) be the unique countable atomless Boolean ring with (resp. without) identity and
Then the profinite completion G is isomorphic to the direct power P o .
Proof. We apply [1, Proposition 5.1], which describes normal subgroups of Boolean powers. According to this result the normal subgroups of G are just those of the form
. It is easy to see that this subgroup is the kernel of the homomorphism P B ! P B=S mapping each
When P B=S is finite, it is naturally isomorphic to the group P m where m is the number of atoms of B=S. Now it is easy to see that the corresponding inverse system consists of projections between groups of the form P m . The corresponding limit is the direct power P o . r
We will also use the following theorem of Koppelberg and Tits [11] : if F is a non-trivial finite group then the power F o has uncountable cofinality if and only if F is perfect.
Proof of Theorem 3.2. Necessity follows from [2, Theorem B] and Proposition 3.1. Indeed, assuming the contrary we are left with the case when G is residually finite (by Proposition 3.1 (1)) and condition (2) is satisfied (see the discussion above concerning countable G=N 2 -cofinality). It is guaranteed by [2, Theorem B] that G m =G mÀ1 is not an infinite non-abelian characterically simple p-group. Thus, when (1) does not hold, G has a subgroup of finite index with an infinite abelian quotient. Now Proposition 3.1 (2) implies that this quotient and G have countable cofinality.
To prove su‰ciency, consider any series 1
Find m c n such that jG : G m j is finite (say k) and jG m : G mÀ1 j is infinite. By our assumptions the infinite quotient G m =G mÀ1 is isomorphic to some Boolean power P B with P a finite simple non-abelian group and
Consider all finite quotients of G. If L is a finite quotient with jG : G m j < jLj, then the index of the image of G m in L is also bounded by k. Thus the closure G m in G is of index k in G and the closure G mÀ1 is a normal subgroup such that G=G mÀ1 is a profinite completion of G=G mÀ1 (by Lemma 2.2). By Lemma 3.3 the quotient G m =G mÀ1 is of the form P o for P as above.
We now assume that
Clearly we may assume that l > 0. Consider the sequence ðH i G lÀ1 V G l Þ=G lÀ1 . We may assume that this sequence is strictly increasing and that
we obtain a contradiction to property (2) of the theorem.
If G l =G lÀ1 is non-abelian then we see as above that G l =G lÀ1 is isomorphic to some product of the form P o , where P is a finite simple non-abelian group. On the other hand the sequence ðH i G lÀ1 V G l Þ=G lÀ1 covers G l =G lÀ1 , i.e. G l =G lÀ1 has countable cofinality. This contradicts the theorem of Koppelberg and Tits stated above. r
The methods applied above also apply for other naturally arising questions. Assume that G is an o-categorical, residually finite group. As we already know, for any normal subgroups N 1 < N 2 < G the quotient N 2 =N 1 of their closures in the completion G is the profinite completion of N 2 =N 1 . As G is residually finite, the lattice of characteristic subgroups of G does not contain any covers N 1 < N 2 with N 2 =N 1 a non-abelian characteristically simple p-group (see [2, Theorem B] ). One can ask what are the possibilities for N 2 =N 1 .
Corollary 3.4. Assume that G is an o-categorical, residually finite group. If for every cover N 1 < N 2 in the lattice of characteristic subgroups of G, the completion of N 2 =N 1 can be written as an inverse limit which is small in the sense of Newelski, then G is soluble.
We recall some necessary preliminaries from [17] . Let G be a profinite group and G 0 G 1 Á Á Á be the corresponding inverse system. Any automorphism of G fixing all G i (as sets) is called a profinite automorphism of G. By Aut Ã ðGÞ we denote the group of all profinite automorphisms of G. Newelski calls the group G small if Aut Ã ðGÞ has at most countably many orbits on G. The main conjecture here is that small profinite groups have open abelian subgroups.
Proof of Corollary 3.4. It is enough to prove that Boolean powers P B with P a finite simple non-abelian group cannot be realized by quotients of covers of the lattice (since then by o-categoricity the lattice is finite and by [2, Theorem A] it has only abelian covers, thus G is soluble).
Assume that N 1 < N 2 is a cover such that N 2 =N 1 G P B , where P is as above. Then, by [2, Theorem A], B is an atomless Boolean ring, i.e. V 0 or V 1 in our notation above. By Lemma 3.3 the profinite completion of N 2 =N 1 is isomorphic to the product P o . By [17, Remark 4.2] , the group P B is not small. r
Categoricity of the completion
Let G be an o-categorical group. We will assume here that G is soluble. Then by the main theorem of [3] , G is nilpotent-by-finite or interprets the countable atomless Boolean algebra. In the former case G is nilpotent-by-finite too. In this section we show that the latter case is impossible if G is residually finite and ThðGÞ is o-categorical.
We start by observing that the methods of the previous sections are still helpful for the question when ThðGÞ is o-categorical (in fact we will use them in the main theorem of this section). Consider an o-categorical residually finite group G acting on X ¼ fx 1 ; x 2 ; . . . ; x n ; . . .g in the way defined in Section 2. We write X as the union of an increasing sequence of G-invariant subsets X n ¼ Gx 1 U Á Á Á U Gx n . Then G is the inverse limit of the permutation groups ðG i ; X i Þ induced on the sets X i by G and with appropriate projections. Lemma 2.2 describes the case when N 1 < N 2 are normal subgroups of G. Then by Lemma 2.2 the inverse system fÁ Á Á ðG i V N 2 Þ=ðG i V N 1 Þ Á Á Ág induced by fÁ Á Á ðG i ; X i Þ Á Á Ág has inverse limit isomorphic to the quotient N 2 =N 1 of the corresponding closures in G. Proof. If the cover N 1 < N 2 is not abelian, then by [2, Theorems A and B], N 2 =N 1 G P B , where P is a finite simple non-abelian group and B is an atomless Boolean ring, i.e. V 0 or V 1 in our notation above.
By Lemma 2.2 the quotient N 2 =N 1 is the profinite completion of N 2 =N 1 . On the other hand by Lemma 3.3 the profinite completion of N 2 =N 1 is isomorphic to the product P o . By the assumptions of the proposition, N 2 =N 1 is definable in G. Since P o cannot be o-categorical from [19] , we see that G is not o-categorical. r This proposition suggests that in the o-categorical residually finite case the group G must have very restricted structure. The main theorem of the section is devoted to this case. The proof of this theorem uses ideas of Proposition 4.1 and the paper [3] . We will assume that G is a soluble, residually finite, o-categorical group which is not nilpotent-by-finite. Then by Lemma 2.3, G is soluble and is not nilpotent-by-finite. In order to obtain a contradiction assume that G is o-categorical. We start with the following lemma. Lemma 4.3. Let G be an o-categorical, soluble, residually finite group which is not nilpotent-by-finite. If the elementary theory of the profinite completion G is o-categorical, then there are closed characteristic subgroups S 1 < S 2 and T 1 < T 2 of G such that S 2 =S 1 is abelian over its centre, ½S 2 =S 1 ; S 2 =S 1 is finite, T 2 =T 1 is an S 2 =S 1 -module under the conjugacy action and the corresponding semidirect product of T 2 =T 1 and S 2 =S 1 is not nilpotent-by-finite.
Proof. Archer and Macpherson proved this lemma in [3] without the condition that the corresponding subgroups were closed (they had no topological assumptions). We analyse G by the method of [3] . Find the minimal number r such that G=G ðrÞ is not nilpotent-by-finite. Let A ¼ G ðrÀ1Þ and let F be the Fitting subgroup of G=A. By Lemma 2.4, A is the closure of G ðrÀ1Þ and G ðrÞ is the closure of G ðrÞ . As FA=A is a characteristic subgroup of G=A of finite index, FA is a characteristic subgroup of G of finite index. Note that FA is the closure in G of the preimage in G of the Fitting subgroup (say F 0 ) of G=G ðrÀ1Þ . Indeed, by Lemma 2.2 the quotient G=A is the profinite completion of G=G ðrÀ1Þ . Thus G=G ðrÀ1Þ is nilpotent-by-finite and F 0 G ðrÀ1Þ has closure of finite index in G. Since neither G=ðF 0 G ðrÀ1Þ Þ nor G=ðFAÞ has non-trivial normal nilpotent subgroups, the group FA is the closure of F 0 G ðrÀ1Þ in G (recall that by Lemma 2.3 the closure of a nilpotent subgroup is also nilpotent).
Let F ¼ L 1 > Á Á Á > L cþ1 ¼ 1 be the lower central series of F . Then by Lemma 2.4 each L t A is a closed characteristic subgroup of G. Find the minimal t such that ðL t AÞ=G ðrÞ has a nilpotent subgroup of finite index. By our assumptions t 0 1. Let S 1 d A be the preimage in G of the Fitting subgroup of ðL t AÞ=G ðrÞ . Thus S 1 is a characteristic subgroup of G. Arguing as in the previous paragraph we see that S 1 is closed.
Since
Here we assume that each A i is the intersection of A with the corresponding member of the lower central series of S 1 =G ðrÞ (thus we can apply Lemma 2.4). By a straightforward argument (see the induction step in the proof of [3, Lemma 2.1]) for some index i the semidirect product of A iþ1 =A i and ðL tÀ1 AÞ=S 1 Þ (under the conjugacy action) is not
As we already mentioned, these subgroups are closed and characteristic in G.
Note that the centralizer of ðL t AÞ=S 1 in ðL tÀ1 AÞ=S 1 defines a characteristic closed subgroup U < G of finite index in L tÀ1 A. Thus we may assume that S 2 =S 1 centralizes ðL t AÞ=S 1 (replacing L tÀ1 A by U if necessary). r
In the situation of the lemma consider the action of S 2 =S 1 on T 2 =T 1 in more detail.
Since the semidirect product of T 2 =T 1 and S 2 =S 1 is not nilpotent-by-finite, the pointwise stabilizer in T 2 =T 1 of the conjugacy action of S 2 =S 1 is of infinite index in the latter. Since T 1 and T 2 are characteristic in G, the stabilizer of T 2 =T 1 is also characteristic in G. Since it is also closed we can enlarge S 1 so that S 2 =S 1 acts on T 2 =T 1 faithfully.
Decomposing the profinite group S 2 =S 1 into the direct sum of its (finitely many) Sylow subgroups we find a prime number r such that the preimage in G of the r-Sylow subgroup (which is obviously characteristic and closed) satisfies all the assumptions of the lemma above for S 2 .
On the other hand, decomposing the profinite group T 2 =T 1 into the direct sum of its (finitely many) Sylow subgroups we find a prime number p and the corresponding p-Sylow subgroup P such that for the natural action of S 2 =S 1 on P the corresponding semidirect product is not nilpotent-by-finite. Extending T 1 by the preimage in G of the complement of P (which is obviously characteristic and closed) we still have that all the assumptions of the lemma above are satisfied.
Note that when p ¼ r, the corresponding semidirect product is locally nilpotent, and thus by o-categoricity and [21] , is nilpotent.
We now summarize the situation as follows.
Lemma 4.4. Let G be an o-categorical, soluble, residually finite group which is not nilpotent-by-finite. Suppose that its completion G is also o-categorical. Then G has closed characteristic subgroups S 1 < S 2 and T 1 < T 2 such that for two primes r 0 p, S 2 =S 1 is an r-group which is abelian over its center, T 2 =T 1 is an abelian p-group which is a faithful S 2 =S 1 -module under the conjugacy action and the corresponding semidirect product of T 2 =T 1 and S 2 =S 1 is not nilpotent-by-finite. Moreover ½S 2 =S 1 ; S 2 =S 1 is finite.
The following lemma is the main preliminary step to Theorem 4.2.
Lemma 4.5. Under the assumptions of Lemma 4.4 there is a finite tuple w A G and there are closed w-definable subgroups S 1 < S 2 < G and T 1 < T 2 < G such that for two primes r 0 p, S 2 =S 1 is an infinite abelian r-group, and T 2 =T 1 is an elementary abelian p-group which is a faithful S 2 =S 1 -module under the conjugacy action.
Proof. In the situation provided by Lemma 4.4 let p n be the exponent of P ¼ T 2 =T 1 and for i ¼ 0; . . . ; n À 1 let P i ¼ p i P and K i be the centralizer of P i =P iþ1 in S 2 =S 1 .
Since all subgroups P i T 1 are characteristic and closed in G, each K i S 1 is characteristic and closed. If all subgroups K i S 1 are of finite index in S 2 , then 7 K i is an r-group centralizing the p-group P (by [9, Theorem 5.3.2]), contradicting the assumption that the action is faithful. Replacing P by an appropriate P i =P iþ1 and S 2 =S 1 by the corresponding S 2 =ðK i S 1 Þ we arrange that T 2 =T 1 is a vector space over GFð pÞ.
We now follow the proof of [3, Lemma 2.7]. Our strategy is to show that at every step of that proof we obtain closed subgroups of G.
Assume that S 2 =S 1 is not abelian. Let K be the largest finite characteristic subgroup of S 2 =S 1 . Then according to the construction from the proof of Lemma 4.3 we have ½S 2 =S 1 ; S 2 =S 1 c K. If the centre of S 2 =S 1 is infinite the proof is finished by replacing S 2 =S 1 by its centre. Thus passing to the centralizer of K if necessary, we may assume that K is the centre of S 2 =S 1 .
By Maschke's theorem we may write V as a direct sum of irreducible GFð pÞKsubmodules. Since the number of isomorphism types of such irreducible modules is finite, by collecting them in this sum into isomorphism classes we may suppose
where each W i is a direct sum of isomorphic irreducible GFð pÞK-submodules, and for i 0 j irreducible modules appearing in W i and W j are not isomorphic. Note that each W i T 1 can be easily described as an intersection of clopen subgroups of G (appearing from appropriate finite quotients of G). By a similar argument any subgroup of the form ðW i 1 l Á Á Á l W i l ÞT 1 is closed.
We may suppose that V is a direct sum of isomorphic faithful irreducible GFð pÞKmodules. To see this we apply the following reductions of [3, Lemma 2.7]. For
It is easy to see that some group S 2 =ðC i S 1 Þ is infinite (using the fact that T 2 =T 1 is a faithful S 2 =S 1 -module) and each C i S 1 is closed in G. It is also clear that the group ð P fW i : S 2 =ðC i S 1 Þ is infinitegÞT 1 is characteristic and closed in G; thus we can identify it with T 2 . If some S 2 =ðC i S 1 Þ has infinite centre we replace V by W i and S 2 =S 1 by the centre of S 2 =ðC i S 1 Þ. Therefore we may suppose that each S 2 =ðC i S 1 Þ has finite centre. Now replace V by an appropriate W i and S 2 =S 1 by the corresponding S 2 =ðC i S 1 Þ.
By Schur's lemma, each non-trivial element of K acts fixed-point freely on V . The second claim of the proof of [3, Lemma 2.7] states that there exists a non-trivial w A V such that the centralizer C S 2 =S 1 ðwÞ is infinite. Since Knf1g acts fixed-point freely on on V nf0g, the centralizer C S 2 =S 1 ðwÞ is disjoint from Knf1g. Since S 2 =S 1 is nilpotent of class 2, the group C S 2 =S 1 ðwÞ is abelian. Since C S 2 =S 1 ðwÞS 1 is closed in G, adding a constant we can replace S 2 by C S 2 =S 1 ðwÞS 1 . r Proof of Theorem 4.2. Let G be an o-categorical, soluble, residually finite group which is not nilpotent-by-finite. Suppose that its completion G is also o-categorical. As we already know, by adding finitely many constants we can arrange that there are closed characteristic subgroups S 1 < S 2 < G and T 1 < T 2 < G such that for two primes r 0 p, S 2 =S 1 is an abelian r-group, V ¼ T 2 =T 1 is an elementary abelian pgroup which is a vector space over GFð pÞ and a faithful GFðpÞ½S 2 =S 1 -module under the conjugacy action.
Furthermore by picking some additional parameters we may assume that
Indeed, if for every v A V the centralizer C S 2 =S 1 ðvÞ is of finite index in the abelian r-group S 2 =S 1 , then by [14, Proposition 3.4 ] (applied to the semidirect product as above) the group S 2 =S 1 cannot act faithfully on V . (We recall that if G is an ocategorical group with a characteristic subgroup V which is a vector space over GFðpÞ with G=V a nilpotent group with no elements of order p, and with V a sum of finite-dimensional GFðpÞ½G=V -modules, then the G=V -centralizer of V is of finite index in G=V .) Thus choosing v A V with infinite vector space hv S 2 =S 1 i we see that this space is definable over v (by o-categoricity) and is of the form T 3 =T 1 where T 3 < T 2 is closed (using that G is compact we see that the S 2 =S 1 -orbit of v is closed).
To obtain a faithful action on V we now replace S 2 =S 1 by its quotient over the centralizer of v.
By o-categoricity there is n d 1 such that each element of V can be written as a sum of at most n S 2 =S 1 -translates of v. We introduce ring operations l and n on V as follows. Let l be the group operation on V . To define n let
It is proved in [3, Corollary 3.2] that V becomes a definable ring without non-zero nilpotent elements.
Note that if f is a homomorphism from G to a finite group G 1 , then the action in G 1 induced by f and the action of S 2 =S 1 on T 2 =T 1 , defines as above a finite ring without non-zero nilpotent elements (the argument of [3, Corollary 3.2] applies in this case too). Moreover since G is profinite the action of S 2 =S 1 on T 2 =T 1 is the inverse limit of the system of all such actions of finite groups. Thus the ring V is the inverse limit of the system of corresponding finite rings.
We now analyse the structure of ðV ;l;nÞ using the Macintyre-Rosenstein description of o-categorical rings stated in the introduction. According this description V is a direct product of finitely many 0-definable rings R i and each R i is isomorphic to a filtered Boolean power of a finite field F i with respect to an appropriate Boolean space X i and a map t i to a lattice of subfields of F i (the corresponding augmented Boolean algebras B i are interpretable in V and thus o-categorical).
Let I be an ideal of B i such that B i =I is finite. Then it is easy to see that the filtered Boolean power of F i with respect to B i =I and the corresponding 'quotient' of t i is a product of finite direct powers of subfields from Rngðt i Þ. As in the proof of Lemma 3.3 we see that this product is a homomorphic image of CðX i ; F i ; t i Þ. By the ring theory version of [1, Proposition 5.1] (see the introduction) any homomorphic image of CðX i ; F i ; t i Þ is of this form. Thus the inverse limit of all finite quotients of CðX i ; F i ; t i Þ is the direct product of F o i and finitely many direct powers t i ðCÞ o with C A Rngðt i Þ.
From this description we see that ðV ;l;nÞ is the direct product of finitely many direct powers R o , where R is a subfield of some F i as above. This is a contradiction. To see this, we note that R o cannot be o-categorical. Let f 1 ; f 2 ; . . . ; f i ; . . . be a sequence of elements of R o with finite support such that for any pair of distinct i, j we have jsuppð f i Þj 0 jsuppð f j Þj. Then all ideals f i R o are of pairwise distinct size. We see that for all i 0 j, the elements f i and f j have distinct types, which contradicts o-categoricity. r Let G be an o-categorical group having a normal abelian subgroup A of finite index. Consider A as a G=A-module. Then A decomposes into a direct sum of finitely many modules A i such that each A i is a direct sum of o copies of a finite indecomposable G=A-module (see [6] and [7, § §11, 12 and Appendix]). It is clear that the profinite completion of the module A is an elementary extension of A. This implies that when G is an o-categorical abelian-by-finite group, G is residually finite and is an elementary substructure of the completion G.
In particular, under the BCM-conjecture (that an o-categorical stable group is abelian-by-finite [7] ), a stable o-categorical group is residually finite and is an elementary substructure of its profinite completion. Krzysztof Krupiń ski has suggested that possibly this statement can be proved without the BCM-conjecture (and then this can be considered as a small confirmation of the BCM-conjecture). An appropriate development of the methods of [14] might allow a stronger statement: an o-categorical group without the strict order property is residually finite and is an elementary substructure of its profinite completion. Since the technique of [14] is quite involved we shall not pursue this further in this paper.
Measuring the set of commuting pairs
Let G be an o-categorical group, H be an inert residually finite subgroup and G be the completion of G with respect to the set X ¼ fgK : K is commensurable with H and g A Gg:
Let m be the Haar measure on G. In the case when G is profinite and m is normalized it follows from the main result of [12] that if ðm Â mÞðfðx; yÞ A G Â G : xy ¼ yxgÞ > 0; then G is abelian-by-finite. In this section we work without the assumption that G is profinite. We also describe some naturally arising approximating functions.
Let Y H X consist of finitely many G-orbits. By G Y (resp. G Y ) we denote the pointwise stabilizer of Y in G (in G). We write GðY Þ :¼ G=G Y and GðY Þ :¼ G=G Y . These groups acts faithfully on Y , and GðY Þ is the completion of GðY Þ under the topology of this action. As in Proposition 2.3 we see that every finitely generated subgroup of GðY Þ is a homomorphic image of a finite subgroup of GðY Þ.
Let r com ðiÞ be the function which associates to each natural number i the maximal number n such that if L is a subgroup of some GðY Þ where Y H X consists of finitely many G-orbits, and jLj ¼ i, then n c jfðx; yÞ A L Â L : xy ¼ yxgj. If no GðY Þ has subgroups of size i, then we put r com ðiÞ ¼ y.
In the case when G is residually finite and X consists of cosets of subgroups of finite index, the function r com ðiÞ is closely related to ðm Â mÞðfðx; yÞ A G Â G : xy ¼ yxgÞ.
It is clear that the square m Â m is equal to the normalized Haar measure on G Â G and we will denote it by the same letter m. By a straightforward generalization of (the first proof of ) [12, Theorem 1 (iii)] we have the following statement.
Lemma 5.1. Let C be a compact group. If for some positive constant e A R, m CÂC ðfðx; yÞ A C Â C : xy ¼ yxgÞ > e, then C is finite-by-abelian-by-finite.
Proof. In [12] this statement is formulated for profinite groups but with the slightly stronger conclusion that C is abelian-by-finite. The proof of [12, Lemma 5] for profinite groups, without the last two sentences, applies for any compact group and it shows that if the FC-centre of C (i.e. the set of elements of C having finitely many conjugates) is of finite index in C then C is finite-by-abelian-by-finite. Now the first proof of [12, Theorem 1 (iii)] works in our case. r Below we also use another observation from [12] (see [12, Theorem 1 (ii) and its proof ]). This is the fact that in the profinite case the condition mðfðx; yÞ A C Â C : xy ¼ yxgÞ ¼ e is equivalent to the condition that there are natural numbers n 1 and n 2 such that for any finite quotient L of C there is a subgroup N < L with jL : Nj c n 1 and j½N; Nj c n 2 .
Lemma 5.2. Let G be a residually finite group. Assume that there is a positive real number e such that for any finite quotient L of G we have r com ðjLjÞ d ejLj 2 . Then both G and the profinite completion G are abelian-by-finite and there is an open normal subgroup N < G of nilpotency class 2 such that j½N; Nj and jG=Nj are both e-bounded.
In particular if G is finite-by-abelian-by-finite ( for example, if ThðGÞ is ocategorical and supersimple; see [8] ), then both G and G are abelian-by-finite.
Proof. Assume that for each finite quotient L of G,
Since the set of commuting pairs is closed in G Â G we easily see that the m-measure of this set is at least e. By [12, Theorem 1] we obtain that G is abelian-by-finite, and there is an open normal subgroup N < G of nilpotency class 2 such that j½N; Nj and jG=Nj are both e-bounded. Thus G is abelian-by-finite too, since G embeds into G.
To see the second statement of the lemma note that the assumptions of this statement imply that there is a real number e > 0 such that for any finite quotient L of G there are normal subgroups K < N < L such that N=K is abelian and jKj Á jL : Nj 2 c e À1 . Applying the inequality jfðx; yÞ A L Â L : xy ¼ yxgj d jLj 2 =ðjKj Á jL : Nj 2 Þ from [16, §1] we see that jfðx; yÞ A L Â L : xy ¼ yxgj d ejLj 2 . Thus we can apply the basic statement of the lemma. r
We now consider the case when G is locally finite and G is locally compact. The following proposition is the main result of the section. Proposition 5.3. Let G be a locally finite group having finite exponent and infinite inert residually finite subgroups ( for example let G be o-categorical ). Let X be defined as above for some infinite inert residually finite H c G. The following conditions are equivalent.
(1) There is a positive real number e such that, for any finite subgroup L of GðY Þ with Y H X consisting of finitely many G-orbits, we have r com ðjLjÞ d ejLj 2 .
(2) There is a positive real number e such that for any infinite compact subgroup C < G we have m C ðfðx; yÞ A C Â C : xy ¼ yxgÞ d e, where m C is the normalized Haar measure on C.
(3) Both G and G are finite-by-abelian-by-finite.
Each of (1), (2) and (3) implies that every infinite inert residually finite subgroup K < G (and its completion KÞ is abelian-by-finite. The group G is abelian-by-finite if and only if there is a number l such that every infinite inert residually finite subgroup K < G (and its completion K) has an abelian normal subgroup of index at most l.
Proof. (1) ) (3). We use the following theorem of P. M. Neumann [16] : for each positive number e there are natural numbers n 1 and n 2 with n 2 1 n 2 c e À1 such that if a finite group F has at least ejF j 2 commuting pairs, then F has a normal subgroup N with jF : Nj c n 1 and j½N; Nj c n 2 .
Let Y H X consist of finitely many G-orbits and L < GðY Þ be finite. Then by Neumann's theorem L has a normal subgroup N such that jL : Nj c n 1 and j½N; Nj c n 2 where n 1 , n 2 are determined by e as above. Now note that this statement holds for any finite subgroup of G. This follows from the fact that if F is a finite subgroup of G, then F can be realized as a subgroup of GðY Þ for an appropriate Y as above. Indeed, since H is inert, F normalizes a subgroup H 1 < H of finite index in H such that F V H 1 ¼ f1g. Then for Y ¼ fgH 1 : g A Gg (which is a G-orbit) there is an embedding of F into GðY Þ. Thus we can find a normal subgroup N < F such that jF : Nj c n 1 and j½N; Nj c n 2 .
We write G as the union of an o-chain L 0 < L 1 < Á Á Á < L i < Á Á Á of finite subgroups. For each i we find a subgroup N i p L i with jL i : N i j c n 1 and j½N i ; N i j c n 2 . Choosing a subsequence if necessary we can arrange that for any pair g 1 ; g 2 A G there is a natural number j such that we have ðEi d jÞ L i ðg 1 N i ¼ g 2 N i Þ or ðEi d jÞ L i ðg 1 N i 0 g 2 N i Þ:
As a result we see that N o :¼ fg A G : g A N i for infinitely many ig is a subgroup of index at most n 1 in G. Since j½N i ; N i j c n 2 for each i we see that ½N o ; N o c n 2 . This obviously means that N o is finite-by-abelian. Since N o is of index at most n 1 in G, this proves (3).
Let us prove the implication (3) ) (2). Find n 1 and n 2 such that there is a normal subgroup N < G of index at most n 1 such that j½N; Nj c n 2 . Let C be a compact subgroup of G. Then C and all of its finite quotients are (of order at most n 2 )-by-abelianby-(of order at most n 1 ). This implies that there is a positive real number e such that for any finite quotient L of C we have jfðx; yÞ A L Â L : xy ¼ yxgj d ejLj 2 (indeed by an easy inequality from [16, §1] we may take e ¼ ðn 2 1 n 2 Þ À1 ). This implies (2). (2) ) (1). Note that if H 0 is a residually finite inert subgroup of G which is commensurable with H, then the closure of H 0 in G is profinite. Condition (2) On the other hand if F is a finite subgroup of G, then F can be realized as a subgroup of an inert residually finite H 0 which is commensurable with H. Indeed, since H is inert, F normalizes a subgroup H 1 of finite index in H. Then we can take hH 1 ; F i as H 0 . The fact that hH 1 ; F i is inert and commensurable with H is obvious. To see residual finiteness, note that if H 2 is a normal subgroup of H 1 of finite index, then it is of finite index in hH 1 ; F i and thus contains a normal subgroup of hH 1 ; F i of finite index. Since H 1 is residually finite, hH 1 ; F i is residually finite too.
Thus, as in the proof of Lemma 5.2, for every finite subgroup F of G we can find a subgroup N p F such that both j½N; Nj and jF : Nj are e-bounded. By an argument from [16] (or the proof of Lemma 5.2), for any finite subgroup L of GðY Þ with Y H X consisting of finitely many G-orbits, we have (correcting e if necessary) r com ðjLjÞ d ejLj 2 .
The statement of the proposition that all inert residually finite subgroups are abelian-by-finite, follows from Lemma 5.2.
To see the last statement note that the existence of a number l such that every infinite inert residually finite subgroup K of G (and its completion K) has an abelian normal subgroup of index at most l implies that every finite subgroup of G has such an abelian normal subgroup (see the proof of (2) ) (1)). Now applying the argument of (1) ) (3) we see that G has an abelian normal subgroup of index at most l. r
The function r com is related to other naturally arising functions. For example consider the following asymptotic condition. Let r r ðiÞ be the function (defined by G) which associates to each natural number i the minimal number m such that whenever L is a quotient of G with jLj ¼ i, then H=H L has rank at most m for all subgroups H of L. Here H L is the maximal normal subgroup of L contained in H (the core of H in L). It is worth mentioning that [10, Proposition 4.3] states that there is a function b : o ! o such that if L as above is a finite group with H=H L of rank at most r for all H < L, then L has an abelian normal subgroup with quotient of rank less than bðrÞ. If G is locally finite of finite exponent m we can apply Zelmanov's solution of the restricted Burnside problem to derive that in fact the function b can be chosen so that L has an abelian normal subgroup of index less than bðrÞ.
Another interesting function can be defined using the approach of Baudisch (in [4] ) to the BCM-conjecture. Assume that G is additionally a nilpotent group of class 2 and U :¼ G=½G; G. In the situation of [4] it is also assumed that U and W :¼ ½G; G are vector spaces over GFð pÞ (this case is basic for the BCM-conjecture). Then the commutator ½x; y becomes an alternating bilinear map U Â U ! W over GFð pÞ. If L is a quotient of G of size i, then there is a vector space homomorphism f L from the exterior square 5 The following computations demonstrate some connections of these functions with r com ðiÞ.
Lemma 5.4. (1) If b is chosen as above, then bðr r ðiÞÞ À2 Á i 2 c r com ðiÞ.
(2) For the function r 5 we have i ð2r 5 ðiÞþ1Àlog p iÞ=2 Á i 2 c r com ðiÞ.
Proof. By an argument from [16, p. 456 ], for any finite group L with normal subgroups K < N < L such that N=K is abelian we have jfðx; yÞ A L Â L : xy ¼ yxgj d ðjKj Á jL : Nj 2 Þ À1 jLj 2 :
If b is as above, this inequality shows that bðr r ðiÞÞ À2 Á i 2 c r com ðiÞ.
In the case of the function r 5 we preserve the notation above. Then the argument of the previous paragraph shows that r com ðiÞ d i 2 Á jW V Lj À1 . On the other hand when L is a quotient of G of size i we have Thus jW V Lj À1 d p ð1=2Þðlog p iÞð2r 5 ðiÞþ1Àlog p iÞ , which implies the required inequality. r
